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Finite Element MethodAbstract A comprehensive numerical study of heat transfer enhancement in MHD free convection
flow over vertical plate utilizing nanofluids has been carried out. Problem is formulated by using
nanofluid volume fraction model by considering water based nanofluids containing copper and alu-
minum oxide. The transformed coupled, nonlinear dimensionless partial differential equations are
solved numerically by using finite element method. The influence of pertinent physical parameters
on velocity and temperature profiles is discussed and depicted with the aid of graphs. Finally, the
numerical values of skin friction and Nusselt number within the flow regime are compared with the
previously published work to ensure the correctness of this numerical scheme and an excellent
agreement is obtained.
 2016 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The term ‘‘Nanofluid” describes a colloidal mixture containing
ultra-fine particles called as nanoparticles and it is initially
coined by Choi [1,2]. In his works he showed that a very small
amount of guest nanoparticles, when dispersed uniformly and
suspended stably in host fluids, can provide substantial
improvements in the thermal properties of base fluids.Nanofluids are engineered by suspending nanoparticles (Cu,
Al, Al2O3, TiO2, SiC, SiN, AlN) with average sizes less than
100 nm in conventional heat transfer fluids (H2O, C2H6O2)
and also other base fluids such as engine oil, mineral oil, bio-
fluids and poor heat transfer fluids. During the past decade
the study of thermal properties of nanofluids has attracted
immense enthusiasm from research in view of its remarkable
applications in electronics, optical devices, material synthesis,
high power x-rays, lasers and biomedical sciences. The
unsteady vertical motion of a soluble particle in Newtonian
media is investigated by Hatami and Domairry [3]. The prob-
lem of nano-liquid film flow and heat transfer over an unsteady
stretching surface is comprehensively analyzed by Ahmadi
et al. [4]. Hatami and Ganji [5] studied the radial position
and phase plane of a spherical particle on a rotating parabolic
surface through an analytical approach called multi-steputilizing
Nomenclature
B0 constant applied magnetic field
E applied electric field
F thermal radiation
g acceleration due to gravity
K permeability parameter
k permeability of porous medium
k mean absorption coefficient
M dimensionless magnetic field parameter
Cf skin friction coefficient
Nu Nusselt number
Pr Prandtl number
Q non-dimensional heat source parameter
QH dimensional heat source
qr radiative heat flux
qw heat flux from the plate
R dimensional rotational parameter
S suction parameter
T local temperature of the nanofluid
Ec Eckert number
Tw wall temperature of the fluid
T1 temperature of the ambient nanofluid
U0 characteristic velocity
w0 normal velocity
ðx; y; zÞ Cartesian coordinates
ðu; v;wÞ velocity component along x, y, and z axes
Greek symbols
a thermal diffusivity
af thermal diffusivity of the fluid
anf thermal diffusivity of the nanofluid
b thermal expansion coefficient
bf coefficient of thermal expansion of the fluid
bs coefficient of thermal expansion of the solid
qf density of the fluid friction
qs density of the solid friction
qnf density of the nanofluid
v kinematic viscosity
vf kinematic viscosity of the fluid
l dynamic viscosity
lnf viscosity of the nanofluid
r electrical conductivity of the fluid
rnf electrical conductivity of the nanofluid
r Stefan–Boltzmann constant
ðqCpÞnf heat capacitance of the nanofluid
e small constant quantity
h non-dimensional temperature
Subscripts
f fluid
s solid
nf nanofluid
w condition at the wall
1 condition at free stream
2 S.R. Sheri, T. Thummadifferential transform method (MS-DTM). Recently Rahimi-
Gorji et al. [6] investigated the heat transfer and fluid flow
analysis for a nanofluid in a fin shaped micro channel heat sink
(MCHS) and they used that responsive surface methodology
(RSM) to optimize geometry of MCHS. Ghasemi et al. [7]
studied the third grade Non-Newtonian (blood) containing
nanoparticles through porous arteries in the presence of mag-
netic field analytically and numerically. Nanofluid flow and
heat transfer between two parallel plates with Brownian
motion effects are investigated by Sheikholeslami and Ganji
[8] by employing (Koo-Kleinstreuer-Li) KKL model. The con-
vective heat transport in nanofluid was investigated by Buon-
giorno [9] with two phase model and is used by several
researchers. However in this paper nanofluid model proposed
by Tiwari and Das [10] is envisioned.
Convective heat transfer has been studied extensively in the
recent years owing to its wide range of applications of various
disciplines in Engineering, Science and Technology. These
applications include the solar energy collector performance
enhancement with nanofluids, the extraction of geothermal
energy, food processing and storage, thermal insulation of
buildings, the design of pebble bed nuclear reactors and many
more. Hatami and Ganji [11] investigated the problem of nat-
ural convection of sodium-aligate Non-Newtonian nanofluid
flow between two vertical plates by employing Least Square
Method (LSM) and Differential Transform Method (DTM).
Magnetic field effects on natural convection of nanofluids with
Brownian motion effects are investigated by SheikholeslamiPlease cite this article in press as: Sheri SR, Thumma T, Numerical study of heat t
nanofluids, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.06.015and Ellahi [12]. Non-similar solution for natural convective
boundary layer flow over a sphere was embedded in a porous
medium saturated with a nanofluid reported by Chamkha
et al. [13]. Very recently heat transfer enhancement of nano-
fluid flow and entropy generation in square enclosures contain-
ing a rectangular heated body is studied by Sheikholeslami
et al. [14]. Furthermore the detailed reviews on convective
transport in nanofluids have been presented in the text books
by Nield and Bejan [15].
The magnetohydrodynamic (MHD) flow and heat transfer
in porous medium have gained interest due to the effect of
magnetic field on boundary-layer in rotating system. This flow
attracted many researchers in view of its broad range of appli-
cations which include exothermic chemical reactions, under-
ground disposal of radioactive waste material and many
more. Furthermore various researchers investigated the effects
of ferrohydrodynamics (FHD) and electrohydrodynamics
(EHD) in heat and fluid flow problems. Ferrofluid forced con-
vection heat transfer in a semi annulus lid under the influence
of variable magnetic field with FHD and MHD effects is stud-
ied by Sheikholeslami et al. [16]. Chamkha and Aly [17]
reported MHD free convective flow of a nanofluid past a ver-
tical plate in the presence of heat generation or absorption
effects. Sheikholeslami et al. [18] investigated magnetic field
effect on nanofluid flow and heat transfer in a semi-annulus
enclosure by considering the effects of thermophoresis and
Brownian motion to get the gradient of nanoparticles volume
fraction. Ghasemi et al. [19] analyzed EHD flow in a circularransfer enhancement in MHD free convection flow over vertical plate utilizing
Figure 1 Physical model and Coordinate System of the problem.
Numerical study of heat transfer enhancement 3cylindrical conduit by adopting LSM. Effects of spatially vari-
able magnetic field on ferrofluid flow and heat transfer consid-
ering constant heat flux boundary conditions are reported by
Sheikholeslami [20]. Ellahi [21] studied the effects of MHD
and temperature dependent viscosity on the flow of non-
Newtonian nanofluid in a pipe. Recently electric filed effects
on nanofluid forced convective heat transfer in an enclosure
with sinusoidal wall are presented by Sheikholeslami et al.
[22]. Unsteady MHD free convection flows past a vertical per-
meable flat plate in a rotating frame of reference with constant
heat source in a nanofluid studied by Hamad and Pop [23]. In
addition to the heat transfer effects in a lid driven semi annulus
enclosure is studied in the presence of non-uniform magnetic
field by Sheikholeslami et al. [24,25]. Furthermore hydrother-
mal effects in engineering problems by adopting control vol-
ume Finite Element Method (CVFEM) have been explained
in detail in the text book by Sheikholeslami and Ganji [26].
The Radiation effect on heat transfer problems has received
much attention from the last several years due to its broad
range of space technology and industrial applications such as
glass production, furnace design, gas turbine missiles, plasma
physics nuclear power plant, aircrafts and many other possible
areas involving high temperatures. Thermal radiation effects of
MHD nanofluid flow between two horizontal rotating plates
with Brownian motion and thermophoresis effects are studied
by Sheikholeslami et al. [27]. Arpaci [28] analyzed the effect of
radiation on the laminar free convection from a heated vertical
plate. Chamkha [29] studied the radiation effects on mixed
convection over a wedge with a nanofluid, over moving surface
in a fluid flow studied by Olanrewaju et al. [30], and also an
increase in convective heat transfer with increasing nano parti-
cle concentration was also reported in the numerical works of
Arefmanesh and Mahmoodi [31]. MHD free convection flow
of Alumina-water nanofluid considering thermal radiation in
an enclosure with a constant heat flux is reported by Sheik-
holeslami et al. [32].
Viscosity has got a lot of importance due to its potential
applications like the pumping power is related to the viscosity
of a fluid, in laminar flow the pressure drop is directly propor-
tional to the viscosity and convective heat transfer coefficient is
influenced by viscosity. Domairry and Hatami [33] studied the
effects of squeezing film of Cu-water nanofluid between paral-
lel plates using DTM method. Siva Reddy and Srinivasa [34]
have studied Soret effect on unsteady magnetohydrodynamic
free convective flow past a semi-infinite vertical plate in the
presence of viscous dissipation. The important correlation
between viscosity and the Nusselt number discussed by Abu
Nada et al. [35] also mentioned that viscosity plays a major
role in their overall heat transfer behavior.
Despite the aforementioned literature has been reported, to
the best of authors’ knowledge there seems to be no attempts
far been undertaken with regard to the numerical study of heat
transfer enhancement in MHD free convection flow over ver-
tical plate utilizing nanofluids. The novelty of the present study
is to numerically investigate the effects of pertinent physical
parameters on velocity and temperature distributions for two
water based nanofluids. In this comprehensive numerical
investigation we employed an extensively validated and robust
finite element method owing to its advantages which includes it
can be executed irrespective of the order or the degree of thePlease cite this article in press as: Sheri SR, Thumma T, Numerical study of heat t
nanofluids, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.06.015governing differential equation. The weight function can be
chosen from an independent set of functions other than the
approximation function. The approximation function can be
chosen from higher degree polynomial compared to the varia-
tional polynomial. In this paper formation of the problem and
numerical procedure are presented in Sections 2 and 3. Sec-
tions 4 and 5 contain Grid independence study and validation
of the code respectively. In Section 6 Results and Discussions
of present study is reported. Finally summary of noteworthy
results is presented in conclusion.
2. Mathematical formation of the problem
The Cartesian coordinate system ðx; y; zÞ and mathematical
modeling of the problem under consideration are shown in
Fig. 1. An unsteady free convective flow is chosen along the
semi-infinite oscillatory plate embedded in a nanofluid. It is
assumed that the plate oscillates with constant frequency in
time t. Flow direction is along the vertical porous plate which
is the direction of x-axis and is perpendicular to z-axis. It is
also assumed that the entire system is in rigid body rotation
about z-axis with constant velocity X. Initially at time t 6 0
plate and fluid are at rest and maintain at uniform temperature
T1. At t > 0 the plate has an oscillatory movement with time
dependent velocity u ¼ U0ð1þ e cos ntÞ, where e is small con-
stant parameter and U0 is the characteristic velocity. Along
z-axis an external magnetic field B0 is acting which is greater
than the induced magnetic field. No electric field is applied
on plate so that oscillating plate can have small Reynolds num-
ber. The electrically nonconducting plate produces Jz to be
constant due to current density conservation equation
rJ= 0. It is further assumed that surface temperature Tw rel-
atively more than the ambient temperature T1 and all physical
quantities depends on variables z and t. The governing bound-
ary layer equations (Satya Narayana et al. [36]) under the
Boussinesq approximations are as follows:ransfer enhancement in MHD free convection flow over vertical plate utilizing
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@z
¼ 0 ð1Þ
@u
@t
þ w@u
@z
 2Xv¼ 1
qnf
lnf
@2u
@z2
þ ðqbÞnfgðT T1Þ rnfB2Ou
vf
k
u
 
ð2Þ
@v
@t
þ w @v
@z
þ 2Xu ¼ 1
qnf
lnf
@2v
@z2
 rnfB2Ov
vf
k
v
 
ð3Þ
@T
@t
þ w@T
@z
¼ anf @
2T
@z2
 1ðqCPÞnf
@qr
@z
 QHðqCPÞnf
ðTT1Þþ
lnf
ðqCPÞnf
@u
@z
 2
ð4Þ
And the associated initial and boundary conditions (Ishigaki
[37] and Ganapathy [38]) on the vertical surface and in free
stream can defined as follows:for t 6 0 f8 z uðz; tÞ ¼ 0; vðz; tÞ ¼ 0; T ¼ T1
for t > 0
z ¼ 0 uð0; tÞ ¼ U0 1þ e2 ðeint þ eintÞ
 	
; vð0; tÞ ¼ 0; Tð0; tÞ ¼ T1
z!1 uð1; tÞ ! 0; vð1; tÞ ! 0; Tð1; tÞ ! T1
( 9>=
>; ð5Þ
lnf ¼ lfð1/Þ2:5 ; anf ¼
Knf
ðqCpÞnf
; qnf ¼ ð1 /Þqf þ /qs; ðqCpÞnf ¼ ð1 /Þ ðqCpÞf þ /ðqCpÞs
ðqbÞnf ¼ ð1 /Þ ðqbÞf þ /ðqbÞs Knf ¼ Kf½Ksþ2Kf2/ ðKfKsÞKsþ2Kfþ2/ ðKfKsÞ;
rnf ¼ rf½1þ 3ðr1Þ/ðrþ2Þðr1Þ/; r ¼ rsrf
9>>=
>>;
ð6ÞThe radiative heat term (Brewster [39]) by using the Roseland
approximation is given by
qr ¼
4r
3k
@T4
@z
ð7Þ
where k* and r* are mean absorption coefficient and Stefan–
Boltzmann constant respectively. It is assumed that the tem-
perature difference within the flow is sufficiently small such
that T4 may be expressed as a linear function of the tempera-
ture by expanding in a Taylor series about T1 and neglecting
the higher order terms
Thus we have T4 ﬃ 4T31T 3T41 ð8Þ
Hence, from Eq. (7), using Eq. (8), we have
@qr
@z
¼  16r
T31
3k
@2T
@z2
ð9Þfor t 6 0 f8 z uðz; tÞ ¼ 0; vðz; tÞ ¼ 0; hðz; tÞ ¼ 0
for t > 0
atz ¼ 0 uð0; tÞ ¼ 1þ e
2
ðeint þ eintÞ vð0; tÞ ¼ 0;
asz!1 uð1; tÞ ! 0; vð1; tÞ ! 0; hð1; tÞ ! 0

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z ¼ Uoz
vf
; u ¼ u
Uo
; v ¼ v
Uo
; t ¼ U2ot
vf
; n ¼ vf n
U2o
;
w ¼ w0; h ¼ TT1TwT1 ; S ¼
wo
U2o
; K ¼ qfkU2o
v2
f
M ¼ rnfB2ovf
qfU
2
o
; R ¼ 2Xvf
U2o
; Pr ¼ ðqCpÞfvf
Kf
; F ¼ 4rT31
kk ;
Q ¼ QHv
2
f
KfU
2
0
; EC ¼ U
2
o
ðqCpÞfðTwT1Þ
9>>>>=
>>>>;
ð10Þ
Substituting nanofluid properties Eqs. (6), (9) and (10) in Eqs.
(2)–(4) we get the following non-dimensional equations.
L1L3
@u
@t
L1L3S@u
@z
@
2u
@z2
L1L4RvL1L4hþL1 Mþ 1
K
 
u¼0
ð11ÞL1L3
@v
@t
 L1L3S @v
@z
 @
2v
@z2
þ L1L3Ruþ L1 Mþ 1
K
 
v
¼ 0 ð12Þ
L5Pr
@h
@t
 L5PrS @h
@z
 L2 @
2h
@z2
þ PrQh PrEc @u
@z
 2
¼ 0 ð13Þ
where L1 = (1  /)2.5, L2 ¼ knfkf þ 4F3 , L3 = 1  /+ /(qs/qf),
L4 ¼ 1 /þ / ðqbÞsðqbÞf
 
L5 ¼ 1 /þ / ðqCpÞsðqCpÞf
 !
Subject to initial and boundary conditions in dimensionless
form are as follows:hð0; tÞ ¼ 1
9>=
>; ð14Þ
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1/3.
The Skin friction coefficient Cf, the Nusselt number Nu are
defined respectively as follows:
Cf ¼ lnf
@u
@z
 
z¼0
and Nu ¼ Knf @h
@z
 
z¼03. Numerical solution by FEM
The transformed system of coupled, nonlinear and non-
homogeneous dimensionless partial differential Eqs. (11)–(13)
under the boundary conditions Eq. (14) is solved numerically
for both momentum and energy equations by using the
extensively-validated and robust method known as finite ele-
ment method. This method has five fundamental steps which
are discretization of the domain, derivation of element equa-
tions, assembly of element equations, imposition of boundary
conditions and solution of the assembled equations. An excel-
lent description of these steps was presented in the text book
by Reddy [40]. We have considered the free stream boundary
condition. The boundary conditions for z at 1 are replaced
by a sufficiently large value where the velocity and temperature
profiles approach to zero. We ran the developed code for dif-
ferent step sizes and we found that the results for all the pro-
files approach to zero asymptotically. After many trials, for
computational flexibility we imposed zmax = 2.5 where
zmax?1 i.e., external to the boundary and thermal boundary
layers. The finite element model of the original equation is
given by means of algebraic equations in the unknown param-
eters with the finite element approximations as follows.
3.1. Variational formulation
The variational formulation associated with Eqs. (11)–(13)
over a typical two-node linear element ðze; zeþ1Þ is given by
Z zeþ1
ze
w1 L1L3
@u
@t
 
 L1L3S @u
@z
 
 @
2u
@z2
 

L1L3Rv L1L4hþ L1 Mþ 1
K

 
u

dz ¼ 0 ð15Þ
Z zeþ1
ze
w2 L1L3
@v
@t
 
 L1L3S @v
@z
 
 @
2v
@z2
 
þ L1L3Ru


þL1 Mþ 1
K

 
v

dz ¼ 0 ð16Þ
Z zeþ1
ze
w3 L5Pr
@h
@t
 
 L5PrS @h
@z
 
 L2 @
2h
@z2
 

þPrQh PrEC @u
@z
 2#
dz ¼ 0 ð17Þ
where w1, w2, w3 are arbitrary test functions and may be
viewed as the variation in u, v and h respectively. After reduc-
ing the order of integration and nonlinearity, the following sys-
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ze
L1L3ðw1Þ @u
@t
 
 L1L3Sðw1Þ @u
@z
 
 @w1
@z
 
@u
@z
 

L1L3Rðw1Þv L1L4ðw1Þhþ L1 Mþ 1
K
 
ðw1Þu

dz
 ðw1Þ @u
@z
 
 zeþ1
ze
¼ 0 ð18Þ
Z zeþ1
ze
L1L3ðw2Þ @v
@t
 
 L1L3Sðw2Þ @v
@z
 
 @w2
@z
 
@v
@z
 

þL1L3Rðw2Þuþ L1 Mþ 1
K
 
ðw2Þv

dz
 ðw2Þ @v
@z
 
 zeþ1
ze
¼ 0 ð19Þ
Z zeþ1
ze
L5Prðw3Þ @h
@t
 
 L5PrSðw3Þ @h
@z
 
 L2 @w3
@z
 
@h
@z
 

þPrQðw3Þh PrECðw3Þ @u
@z
 
@u
@z
 
dz
 ðw3Þ @h
@z
 
 zeþ1
ze
¼ 0 ð20Þ3.2. Finite element formulation
The finite element model may be obtained from Eqs. (18)–(20)
by substituting finite element approximations of the form:
u ¼
X2
j¼1
uejw
e
j ; v ¼
X2
j¼1
vejw
e
j ; h ¼
X2
j¼1
hejw
e
j ð21Þ
With w1 ¼ w2 ¼ w3 ¼ wej ði ¼ 1; 2Þ, where uej , vej and hej are the
velocity in the direction of x-axis, y-axis and temperature
respectively at the jth node of typical eth element ðze; zeþ1Þ
and wei are the shape functions for this element ðze; zeþ1Þ and
are taken as follows:
we1 ¼
zeþ1  z
zeþ1  ze and w
e
2 ¼
z ze
zeþ1  ze ; ze 6 z 6 zeþ1 ð22Þ
By choosing these functions into Eqs. (18)–(20) yields local
stiffness matrices. These are f½Kmn; ½Mmng and ffueg;
fveg; fheg; fu0eg; fv0eg; fh0eg and fbmeggðm; n ¼ 1; 2; 3Þ are the
set of matrices of order 2  2 and 2  1 respectively, such
stiffness matrices in terms of local nodes in each element are
assembled using inter element continuity and equilibrium
conditions to obtain the global matrices and the prime (0)
indicates d
dz
.
Therefore, the finite element model of the equations for eth
element thus formed is given by
½K11 ½K12 ½K13
½K21 ½K22 ½K23
½K31 ½K32 ½K33
2
6664
3
7775
fueg
fveg
fheg
2
664
3
775þ
½M11 ½M12 ½M13
½M21 ½M22 ½M23
½M31 ½M32 ½M33
2
6664
3
7775
fu0eg
fv0eg
fh0eg
2
664
3
775
¼
fb1eg
fb2eg
fb3eg
2
6664
3
7775
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Table 1 Comparison of Skin friction and Nusselt number for
various values of Pr when Ec= 0.
Pr Previous results Satya Narayana
et al. [36]
Present results
Cf Nu Cf Nu
0.5 2.3159708 5.9674 2.3159709 5.9674101
1.0 2.2567503 6.0461 2.2567504 6.0461012
1.5 2.1972895 6.1259 2.1972896 6.1259001
2.0 2.1376083 6.2066 2.1376084 6.2066013
Table 2 Thermo-physical properties of water and
nanoparticles.
Physical properties H2O Cu Al2O3 TiO2
Cu (j/kg k) 4179 385 765 686.2
q (kg/m3) 997.1 8933 3970 4250
K (W/m k) 0.613 400 40 8.9538
b  105 (1/k) 21 1.67 0.85 0.9
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K11ij ¼ L1L3S
R zeþ1
ze
ðwei Þ
@wej
@z
 h i
dzþ R zeþ1
ze
@wei
@z
 
@wej
@z
 h i
dz
þL1 Mþ 1K
  R zeþ1
ze
½ðwei Þðwej Þdz;
K12ij ¼ L1L3R
R zeþ1
ze
ðwei Þðwej Þdz;
K13ij ¼ L1L4
R zeþ1
ze
ðwei Þðwej Þdz;M11ij ¼ L1L3
R zeþ1
ze
ðwei Þðwej Þdz;
M12ij ¼M13ij ¼ 0;
8>>>><
>>>>:
K22ij ¼ L1L3S
R zeþ1
ze
ðwei Þ
@wej
@z
 h i
dzþ R zeþ1
ze
@wei
@z
 
@wej
@z
 h i
dz
þL1 Mþ 1K
  R zeþ1
ze
½ðwei Þðwej Þdz;
K21ij ¼ L1L3R
R zeþ1
ze
ðwei Þðwej Þdz;K23ij ¼ 0;
M22ij ¼ L1L3
R zeþ1
ze
ðwei Þðwej Þdz;
M21ij ¼M23ij ¼ 0;
8>>>>><
>>>>:
K31ij ¼ PrðEcÞ
R zeþ1
ze
ðwei Þ @u@z
  @wej
@z
 
dz;
K32ij ¼ 0;K33ij ¼ L5PrS
R zeþ1
ze
ðwei Þ
@wej
@z
 h i
dz
L2
R zeþ1
ze
ð@wei
@z
Þ @w
e
j
@z
 h i
dzþ PrQ R zeþ1
ze
ðwei Þðwej Þdz
M31ij ¼ 0; M32ij ¼ 0; M33ij ¼ L5Pr
R zeþ1
ze
ðwei Þðwej Þdz
8>>>><
>>>>:
b1ei ¼ ðwei Þ
@u
@z
 
 zeþ1
ze
; b2ei ¼ ðwei Þ
@v
@z
 
 zeþ1
ze
;
(
b3ei ¼ ðwei Þ
@/
@z
 
 zeþ1
zeFigure 2 Velocity Profiles for K.4. Grid independence study
The grid independence is conducted by dividing the entire
domain into successively sized grids 81 81; 101 101 and
121  121. For all the computations 101 intervals of equal
length 0.01 are considered. At each node three functions are
to be evaluated so that, after assembly of elements a set of
303 nonlinear equations is formed, consequently an iterative
scheme is adopted and by introducing boundary conditions
system of equations is solved. The solution is assumed to be
converged when the difference satisfies the desired accuracy
107. An excellent convergence for all the results is achieved.
5. Validation of the code
The correctness of this numerical scheme and MATLAB code
is ensured by comparing the present results for skin friction
coefficient and Nusselt number with the results obtained
through analytical approach whenever Ec= 0. It confirms
that present results are in excellent agreement with the results
reported by Satya Narayana et al. [36] which are shown in
Table 1. Therefore, the developed code can be used with a
great confidence in the numerical results presented subse-
quently to study the problem considered in this paper.
6. Results and discussion
The primary interest of this paper is the numerical study of
heat transfer enhancement in free convection flow over verticalPlease cite this article in press as: Sheri SR, Thumma T, Numerical study of heat t
nanofluids, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.06.015plate with viscous dissipation and radiation utilizing nanoflu-
ids. Additionally the influence of K;M;R;S;/;Q and Pr on
the nanofluid velocity and temperature as well as the skin
friction and Nusselt number distribution for Cu-water and
Al2O3-water nanofluids is discussed, and is represented graph-
ically in Figs. 2–16. In this paper the values that are chosen as
constants are n ¼ 10; nt ¼ p=2; e ¼ 0:02. And other parameters
K;M;R;S;/;Q;Ec;F and Pr are changes over a range, which
are mentioned in the legends of figures. Furthermore Table 2
shows thermo-physical properties of (H2O, Cu, Al2O3 and
TiO2).
The behavior of Skin-friction and Nusselt number for
different values of M;/ and Ec when Pr = 6.2 are presented
in Table 3. It is evident from the table that skin friction
coefficient decreases with the increase of M while the skin
friction coefficient increases with an increase of / and Ec.
Physically this means that velocity at the wall decreases dueransfer enhancement in MHD free convection flow over vertical plate utilizing
Figure 3 Velocity Profiles for M.
Figure 4 Velocity Profiles for R.
Figure 5 Velocity Profiles for S.
Figure 6 Temperature Profiles for S.
Numerical study of heat transfer enhancement 7to the reduction in skin friction. Further it is observed that
Nusselt number is found to reduce with an increase of
M and / while the Nusselt number is enhanced with the
increase of Ec. Physically this means that heat transfer rate
at the surface is decreased due to reduction in Nusselt number.
It interesting to note that an increase in the permeability
parameter K of the porous medium leads to decrease in the
thickness of thermal boundary layer owing to that the presence
of porous medium enhances the resistance to the flow resulting
in reduction in fluid. This physical behavior is illustrated in
Fig. 2. Therefore, porous medium impact is significant on
the reduction in boundary layer. An application of magnetic
field normal to the fluid flow produces resistive type force
which is also called as Lorentz force, and it acts against the rel-
ative motion of the fluid. Therefore, this force slows down the
motion of the fluid in the boundary layer. This physical behav-
ior is characterized by velocity profiles in the immediate vicin-
ity of boundary layer as shown in Fig. 3. An increase in
magnetic field M along the surface causes to decrease the
velocity of nanofluid. Velocity profiles for different values ofPlease cite this article in press as: Sheri SR, Thumma T, Numerical study of heat t
nanofluids, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.06.015rotational parameter R are presented in Fig. 4, in which nano-
fluid velocity profiles decrease with the increase in rotational
parameter due to the reason that the magnitude of the rota-
tional drag force is reduced. Here it is to be pointed that cori-
olis body forces arise in momentum equations via Rv and Ru
respectively.
The influence of suction on velocity and temperature pro-
files is shown in Figs. 5 and 6 respectively. The velocity and
temperature profiles start with the plate velocity and decreased
to zero asymptotically with corresponding boundary condi-
tions. Furthermore, the nanofluid velocity and temperature
profiles decrease with the increase in the suction parameter S
and this is due to the fact that the suction brought the fluid
near the wall surface; consequently, it stabilizes the both
boundary and thermal boundary layer growths, and this obser-
vation agrees with the physical point of view.
Whenever the volume fraction / of nanoparticles increases,
the thermal conductivity of fluid and thickness of thermal
boundary layer increase, and this physical behavior is exempli-
fied in Figs. 7 and 8. Here in these graphs the velocity profilesransfer enhancement in MHD free convection flow over vertical plate utilizing
Figure 7 Velocity Profiles for /.
Figure 8 Temperature Profiles for /.
Figure 9 Velocity Profiles for Q.
Figure 10 Temperature Profiles for Q.
Figure 11 Velocity Profiles for F.
8 S.R. Sheri, T. Thummaare decreased and temperature distribution profiles are
increased with the increase in volume fraction parameter of
nanofluid respectively. However, the thermal conductivity of
water based nanofluids increases as the nanoparticle size
increases because the low viscosity of the base fluid promotes
the clustering of nanoparticles and this particle clustering
forms interconnecting channels for thermal energy to propa-
gate. So as volume fraction increases the thermal conductivity
of water based nanofluid is enhanced. Furthermore graphs are
exhibiting that the velocity profiles for Al2O3-water nanofluid
are relatively lesser than those of Cu-water nanofluid due to
decrease in thickness of the boundary layer, while the temper-
ature distribution in the Cu-water nanofluid is greater than
Al2O3-water nanofluid, since by the reason of the fact that cop-
per has significantly high conductivity than the alumina and
therefore, the thickness of thermal boundary layer of Cu-water
nanofluid is greater than the Al2O3-water nanofluid.
The nanofluid velocity and temperature profiles for differ-
ent values of heat source parameterQ are represented in Figs. 9
and 10. These graphs illustrate that an increase of Q decreasesPlease cite this article in press as: Sheri SR, Thumma T, Numerical study of heat transfer enhancement in MHD free convection flow over vertical plate utilizing
nanofluids, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.06.015
Figure 12 Temperature Profiles for F.
Figure 13 Velocity Profiles for Ec.
Figure 14 Temperature Profiles for Ec.
Figure 15 Velocity Profiles for Pr.
Numerical study of heat transfer enhancement 9velocity and temperature profiles at the boundary and thermal
boundary layers of nanofluids respectively, owing to the
absorption of energy in the boundary layers. Therefore when
heat is absorbed the buoyancy force decreased which then
resists the flow rate. Furthermore for various values of thermal
radiation F, the velocity and temperature of profiles of water
based nanofluids (Cu-water and Al2O3-water) are shown in
Figs. 11 and 12. It is evident from the figures that with the
increase in thermal radiation parameter values caused to
enhance the hydrothermal boundary layers. The presence of
thermal radiation is very significant on the variation of temper-
ature. It seems that temperature increases rapidly in the pres-
ence of thermal radiation throughout the boundary layer. It
may be attributed to the fact that absorbed Roseland radiative
parameter diminishes the corresponding heat flux and hence
raising in the rate of radiative heat transfer to the fluid causing
the raise in temperature of the fluid and increase in the thick-
ness of boundary and thermal boundary layers.
The correlation between the kinetic energy in the flow and
the enthalpy refers to an Eckert number (Schlichting boundaryPlease cite this article in press as: Sheri SR, Thumma T, Numerical study of heat t
nanofluids, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.06.015layer theory). Due to internal friction heating between mole-
cules of the fluid, the amount of mechanical energy changed
to thermal energy and this thermal energy is reserved in the
fluid. Therefore an increase in Eckert number Ec causes an
increase in thermal energy contributing to the flow and will
enhance the temperature of the water based nanofluids
throughout the thermal boundary layer in the porous medium.
It is also observed that an increase in viscous dissipation
parameter increases the velocity of nanofluids owing to energy
release which increases the momentum. Thus by the decrease
in density of the nanofluid in the boundary layer due to heat
generated by viscous flow, which in turn causes the thickness
of the boundary layer to be enhanced. This physical behavior
is depicted in Figs. 13 and 14.
The variations in the velocity and temperature profiles for
different values of Prandtl number Pr are depicted in Figs. 15
and 16. Prandtl number refers to the relative contribution of
momentum diffusion to thermal diffusion in the boundary
layer regime. With the increase in Prandtl number leads to aransfer enhancement in MHD free convection flow over vertical plate utilizing
Figure 17 Temperature Profiles for R.
Figure 18 Temperature Profiles for M.
Figure 16 Temperature Profiles for Pr.
10 S.R. Sheri, T. Thummadecrease in the velocity at the wall which then approaches the
free stream value, and this is due to the reason that momentum
diffusion rate exceeds thermal diffusion rate. Furthermore an
increase in the Prandtl number results in a decrease in the tem-
perature distribution in the boundary layer. The physical rea-
son is that smaller values of Pr are equivalent to an increasing
thermal conductivity, and therefore heat is able to diffuse away
from the heated surface more rapidly than at higher values of
Pr. Hence the boundary layer becomes thicker and the rate of
heat transfer is reduced. Therefore an increase in Pr cause to
reduction in thickness of the thermal boundary layer.
The effect of rotation parameter R and magnetic field
parameter M on temperature distribution of two water based
nanofluids is represented in Figs. 17 and 18 respectively. It is
evident from Fig. 17 that the temperature profiles are
decreased with an increase in rotational parameter. This
implies that the rotation retards the temperature throughout
the boundary layer region. Here, temperature profiles start
with the temperature of the plate at the surface and then
increase with a distance from the surface, reach to maximum
value in the vicinity of the plate and thereafter, decrease mono-
tonically to zero at the free stream. This is due to reason the
reduction in the coriolis body force. We infer from Fig. 18 that
temperature profiles are decreased near surface of the plate
and increased in the region away from the plate with an
increase in magnetic field parameter. Furthermore, it is worthTable 3 Values of Skin friction and Nusselt number for various va
Cf
M / Ec R Cu Al
0.0 0.1 0.001 0.02 0.8561 0.8
0.5 0.1 0.001 0.02 0.8497 0.8
1.0 0.1 0.001 0.02 0.8433 0.8
0.0 0.2 0.001 0.02 0.8625 0.8
0.0 0.3 0.001 0.02 0.8689 0.8
0.0 0.1 0.002 0.02 0.8769 0.8
0.0 0.1 0.003 0.02 0.8977 0.8
0.0 0.1 0.001 0.04 0.9041 0.9
0.0 0.1 0.001 0.06 0.9105 0.9
Please cite this article in press as: Sheri SR, Thumma T, Numerical study of heat t
nanofluids, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.06.015mentioning here that the fluid temperature profiles start with
the temperature of the plate at the surface and then it attains
a maximum value and decays rapidly near the surface of thelues of M, /, Ec and R.
Nu
2O3 TiO2 Cu Al2O3 TiO2
471 0.7961 0.2357 0.2278 0.2192
407 0.7897 0.2342 0.2263 0.2177
343 0.7833 0.2327 0.2248 0.2162
535 0.8025 0.2312 0.2233 0.2147
599 0.8089 0.2381 0.2302 0.2216
679 0.8259 0.2432 0.2347 0.2261
887 0.8377 0.2507 0.2416 0.233
032 0.8981 0.2271 0.2193 0.2104
096 0.9032 0.2271 0.2193 0.2104
ransfer enhancement in MHD free convection flow over vertical plate utilizing
Numerical study of heat transfer enhancement 11boundary layer; thereafter, temperature decreases monotoni-
cally to asymptotic value according to the boundary condition.
Thus the presence of magnetic field decreases the momentum
boundary layer thickness and enhances the thickness of the
thermal boundary layer.
7. Conclusions
The numerical study of heat transfer enhancement in free con-
vection flow over vertical plate with viscous dissipation and
radiation utilizing nanofluids has been investigated in detail.
The effects of governing parameters, such as
K;M;R;S;/;Q;F;Ec and Pr are studied and are exemplified
with the aid of graphs. Significant findings from the study
are, an increase in K;F and Ec tends to enhance the velocity
of the nanofluid while the other parameters
M;R;S;/;Q and Pr tend to decelerate the velocity of the
nanofluid. Furthermore F;/;M and Ec tend to accelerate the
temperature profiles while the S;Q;R and Pr have reverse
effect on it. An increase in M tends to reduce the Skin friction
while the increase of R;/ and Ec tends to increase the Skin
friction. Finally an increase in M tends to reduce the Nusselt
number while the increase of Ec and / tends to enhance the
Nusselt number but Nusselt number remains unchanged for
R. Finally it is noticed from the graphs that velocity and tem-
perature profiles for Al2O3 - water are comparatively less than
those of Cu - water nanofluid.
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